Abstract-To alleviate the difficulties encountered in the generation of meshes for the finite element method for solving thin skin depth problems involving three-dimensional (3-D) eddy-currents, particularly in cases in which the eddy-current region is only a fraction of the entire domain, a new technique based on the combination of finite element and meshless methods is proposed. The use of numerical approach to uphold the mathematical properties of the combined shape functions in terms of consistency and linear independence is also investigated. It is shown that a very coarse mesh is already sufficient to give accurate numerical results with the proposed algorithm. To validate and demonstrate the advantages of the proposed method, typical numerical results on studies of high-frequency 3-D eddy-current problems are reported.
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I. INTRODUCTION

I
N the design of high-frequency electromagnetic devices, it is essential to have accurate estimations of the eddy-currents induced in the conducting materials. Although finite element (FE) methods are widely used and recognized as the most powerful numerical technique by academics and engineers alike in solving three-dimensional (3-D) electromagnetic field problems, they are not equally flexible in dealing with all kinds of field problems such as in, for example, large scale thin skin depth 3-D eddy-current problems in which the eddy-current region is only a fraction of the entire domain. For thin skin depth eddy-current problems using 3-D FE methods, one normally has to make a compromise on the need for fine meshes in order to obtain accurate solutions and the heavy demand for computational resources. Thus, a flexible method to add or remove meshes or nodes irrespective of the connectivity of existing meshes or nodes is highly desirable. In this regard, meshless methods are ideal. On the other hand, meshless methods are notoriously difficult when one enforces boundary and interface conditions in solving boundary value problems. To make full use of the advantages of FE and meshless methods, a combined FE and meshless method is proposed for the numerical study of large scale 3-D thin skin depth eddy-current problems to allow one to obtain sufficiently accurate numerical solutions from coarse meshes. In order to separate the meshless and the FE shape functions, bridging scales are added to modify the meshless shape functions to preserve the desirable mathematical properties of the resulting function space in terms of consistency and linear independence.
To validate the proposed algorithm, the proposed algorithm is used to solve a prototype high-frequency 3-D eddy-current problem with close-form solutions to facilitate one to assess its numerical performance. Numerical results of eddy-current fields in a cold crucible are used to demonstrate the feasibility of the proposed algorithm for real-word problems.
II. MATHEMATICAL FORMULATIONS
A. Moving Least Squares Approximations
The development of the shape function of the proposed meshless method is based on moving least-squares approximation (MLSA). Since the concern of this paper is on the numerical computation of harmonic eddy-current fields, one will restrict one's attention to the interpolation of a complex variable. The local approximation using MLSA for any complex function is (1) where the unknown parameters will vary with and is the basis of a complete polynomial of order [1] . For 3-D problems, and a quadratic basis is used in this paper. By minimizing some weighted discrete norm, one can determine the unknown parameters, , as
where, is the number of nodes in is a compactly supported weight function, , and refers to the nodal parameter of at . The weight function used in this paper is a cubic spline one [2] . Substituting (2) into (1) is the shape function of the meshless method, and is defined as (4) It should be pointed out that one of the attractive properties of the MLSA is that the continuity of the shape function is related to the continuity of the weight function [2] , hence one could use a linear basis to reproduce higher order continuous approximations by choosing a suitable weight function.
B. Shape Function Modification Considering Consistency
For the proposed method, the meshless method is only used to improve the FE solutions in the thin skin depth of the eddy-current regions. Thus, the approximation of the solution variable in most of the solution domain is expressed in the standard form of FE methods. For the eddy-current regions, the general interpolation formula using both FE and meshless shape functions is (5) where, is the FE shape function. To uphold the mathematical properties of the entire bases regarding consistency and linear independence, the bridge scales as proposed in [3] is used. The basic concept of the bridging scales is based on a hierarchical decomposition of a function which is dependent on some projection operator to represent, for example, the projection of onto the span of FE shape functions. To decompose the solution variable into two different parts, i.e., the first one that is approximated by meshless shape functions and the second one being represented by the FE shape functions, one employs the property of a projection operator such that multiple projections of the function will leave the function unchanged, i.e.,
. By using this concept, the total function of (5) can now be reformulated as (6) The last term on the right hand side of (6) is called the bridging scale. The reason for including the bridging scale term is to approximate those terms with meshless shape functions to contain only parts of the solution variable which are not included in FE interpolations. Accordingly, the meshless shape function based on the bridging scales becomes
Thus, the general interpolation formula for the proposed combined FE and meshless methods is (8)
C. Finite Element Formulation
For simplicity, only the Dirichlet boundary conditions are considered here. Thus, the governing equations for 3-D harmonic eddy-current problems, where the Coulomb gauge is incorporated to guarantee the uniqueness of solutions that use the method, can be formulated as (9) (10) where, are, respectively, the magnetic vector and the electric scalar potentials, is the angular frequency of the harmonics, is the electric conductivity, is the magnetic reluctivity, is the source current density. Using the Galerkin approach with the corresponding weak forms, the discrete form of (9) and (10) become, respectively, (11) (12) where, is the weighting function. To transform (11) and (12) into symmetric forms, a transformation (13) is used. (11), (12) can be reformulated by using matrix equations as shown in (14) at the bottom of the page.
Substituting (8) into (14) and selecting or , one will obtain the discrete mathematical model of the proposed method.
III. NUMERICAL EXAMPLES
A. Validation
To validate the feasibility of the proposed algorithm for solving thin skin depth harmonic eddy-current problems and to compare the numerical results with their corresponding analytical solutions, the electromagnetic fields around a circular conductor carrying a 20-kHz harmonic current flowing in the direction as shown in Fig. 1 is investigated. The radius of the circular conductor is 2 mm. By setting a cylindrical surface, , which is co-centered with the conductor and is sufficiently far from the conductor surface, , such that the field on (14) can be approximated as zero, the boundary conditions for this pseudo-3-D eddy-current problem are (15) where, is the normal direction of surface .
In the numerical implementation, the entire domain is divided into two different parts, i.e., the conductor part and the residual of the solution domain that contains the surrounding free space. In the conductor, both FE and meshless shape functions contribute to the interpolation. In the latter region, only FE has influences. For the proposed method to work, the solution domain is firstly discretized into a coarse FE mesh in which the mesh size is about the skin depth of the harmonic current. Some nodes are then added into the thin skin depth eddy-current region (the conductor) as shown in Fig. 2 such that the maximum distance between neighbor nodes in the conductor is less than one-fourth of the skin depth. Comparison of the accuracy of the computed results using the proposed method with the close-form solutions is given in Fig. 3 . The distribution of the eddy-current in the conductor is shown in Fig. 4 . The distribution of the magnetic flux density along the radial direction is shown in Fig. 5 . To   Fig. 4 . Distribution of the eddy-current density in the conductor. compare the performances of the proposed with the purely FE methods, this problem is repeatedly solved using a purely FE method by successively increasing the mesh density, especially in the conductor to make the mesh size less than one third of the skin depth, until the same accuracy as that of the proposed method is obtained. The corresponding performance comparison results are given in Table I . From these numerical results, it is very clear that: 1) the results of the computed eddy-current distribution of the proposed method and those obtained from the close-form expression are nearly the same, and they are indeed indistinguishable in the figure; 2) besides producing nearly exact solutions of the eddy-current fields in the conductor where both FE mesh and meshless nodes are used, the proposed algorithm also produces very accurate far end magnetic flux density results even if very coarse FE meshes are used; 3) for the same level of numerical accuracies, both the degree of freedom (DoF) and the solution time of the proposed algorithm are less than those of the purely FE method.
B. Application
The high-frequency eddy-current fields in a cold crucible are solved using the proposed algorithm to demonstrate its feasibility in solving practical problems. A cold crucible is a highfrequency induction melting furnace with conductive walls segmented by longitudinal slits. Each electrically isolated segment is internally or externally cooled by water. These kinds of crucibles have the rapid Joule heating capacity of conductive materials that do not make contact with the walls due to the strong pinching force arising from interactions of the imposed electromagnetic field and the induced electric current in the molten metal [4] - [6] . The crucibles have excellent performances when they are used to re-melt high melting-point or chemically active To realize the optimal design of a cold crucible, it is essential for one to have a clear understanding of the 3-D eddy-current fields. However, it is very hard, if not impossible, to conduct these studies experimentally. Thus numerical simulation is the most appropriate approach. Consequently, a closed slit prototype crucible [5] is selected as the numerical example. Due to symmetry, only one-fourth of the regions are modeled. In the figures hereafter, both the sample points and the specified path are on the surface of the molten metal. Fig. 6 depicts the com- puted magnetic flux density distribution in one segmental region on a predefined path when a 20-kHz harmonic current is applied to the coils. The path is defined as a circumferential circle, which lies on the plane --, along the circumferential direction. As shown in Fig. 7 , the plane --passes through the center of the coil in the direction. The eddy-current distribution in half of one segment in plane --is shown in Fig. 8 . The distribution of the computed magnetic flux density of the slits along the coordinate (axial) direction is shown in Fig. 9 . Clearly, these numerical results positively confirm the feasibility of the proposed algorithm in solving practical large scale 3-D thin skin depth eddy-current problems.
IV. CONCLUSION
A combined FE and meshless method for studying thin skin depth of eddy-current problems is proposed. Compared with other approaches, the proposed method allows one to have the flexibility to add nodes in some specific regions without the need to consider their connectivity in the numerical implementation, thereby allowing one to have a minimal DoF to obtain sufficiently accurate numerical results. The accuracy and feasibility of the proposed model are validated by studying the numerical results of two different high-frequency eddy-current problems as reported in this paper.
